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Abstract. For any regular noetherian scheme X and every k > 1, we define a chain 
morphism ty k between two chain complexes whose homology with rational coefficients 
is isomorphic to the algebraic Jf-groups of X tensored by Q. It is shown that the 
morphisms \E ,fe induce in homology the Adams operations defined by Gillet and Soule 
or the ones defined by Grayson. 



Introduction 

Let X be any scheme and let V{X) be the exact category of locally free sheaves of 
finite rang over X. The algebraic -ftT-groups of X, K n (X), are defined as the Quillen 
K-groups of the category V(X), as given in [ID] . 

Several authors have equipped these groups with a A-ring structure. Then, the Adams 
operations on each K n (X) are obtained from the A-operations by a universal polynomial 
formula on the A-operations. In the literature there are several direct definitions of the 
Adams operations on the higher algebraic -fT-groups of a scheme X. By means of the 
homotopy theory of simplicial sheaves, Gillet and Soule defined in [B] Adams operations 
for any noetherian scheme of finite Krull dimension. Grayson, in [7J, constructed a 
simplicial map inducing Adams operations on the K-groups of any category endowed 
with a suitable tensor product, symmetric power and exterior power. In particular, he 
constructed Adams operations for the algebraic K-groups of any scheme X. Following 
the methods of Schechtman in [IT], Lecomte, in [8], defined Adams operations for the 
rational K-theory of any scheme X equipped with an ample family of invertible sheaves. 
They are induced by a map in the homotopy category of infinite loop spectra. 

The aim of this paper is to construct an explicit chain morphism which induces the 
Adams operations on the higher algebraic -fT-groups tensored by Q. Our main interest 
in this construction is to endow the rational higher arithmetic -fT-groups of an arithmetic 
variety with a (pre)-A-ring structure, in order to pursue a higher arithmetic intersection 
theory program in Arakelov geometry. 

At the moment, there are two different definitions for the higher arithmetic K- groups 
of an arithmetic variety, one suggested by Deligne and Soule (see [12] §111.2.3.4 and [3], 
Remark 5.4) and the other given by Takeda in [13]. Both of them rely on an explicit 
representative of the Beilinson regulator. By the nature of both definitions, it is appar- 
ently necessary to have a description of the Adams operations in algebraic K-theory in 
terms of a chain morphism, compatible with the representative of the Beilinson regulator 
"ch" given by Burgos and Wang in [2]. None of the explicit constructions of ^> k known 
at the moment seem to be suitable for this purpose. The chain morphism presented in 
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this paper commutes with the morphism "ch" . In fact our definition has been highly in- 
fluenced by the construction of "ch" . The details of the application to higher arithmetic 
.fT-theory can be found in the author's PhD Thesis [5]. 

Consider the chain complex of cubes associated to the category V(X). McCarthy 
in [9], showed that the homology groups of this complex, with rational coefficients, are 
isomorphic to the rational algebraic K- groups of X. 

We first attempted to find a homological version of Grayson's simplicial construction 
using the complex of cubes, but this seems particularly difficult from the combinatorial 
point of view. 

The current approach is based on a simplification obtained by using the transgressions 
of cubes by affine or projective lines, at the price of having to reduce to regular noetherian 
schemes due to the fact that homotopy invariance or the Dold-Thom isomorphism for 
-fT-theory are required. This was Burgos and Wang's idea [2] for the definition of a chain 
morphism representing Beilinson's regulator. 

With this strategy, we first assign to a cube on X a collection of cubes defined either 
on X x (P 1 )* or on X x (A 1 )*, which have the property of being split in all directions 
(and which we call split cubes). This gives a morphism called the transgression morphism 
(Proposition 13JTJ). 

Then, by a purely combinatorial formula on the Adams operations of locally free 
sheaves, we give a formula for the Adams operations on split cubes (Corollary I2.40p . 
The key point is to use Gillet's idea, as presented by Grayson, of considering the sec- 
ondary Euler characteristic class of the Koszul complex associated to a locally free sheaf 
of finite rank. 

The composition of the transgression morphism with the Adams operations for split 
cubes gives a chain morphism representing the Adams operations for any regular noethe- 
rian scheme of finite Krull dimension (Theorem I4.2|) . The fact that our construction 
induces indeed the Adams operations defined by Gillet and Soule in [6] and the ones 
defined by Grayson in [7] follows from a general result on the comparison of morphisms 
from algebraic if-theory to itself, given in [JJ. 

The two constructions, with projective lines or with affine lines, are completely anal- 
ogous. One may choose the more suitable one in each particular case. For instance, 
to define Adams operations on the if -groups of a regular ring R, one may consider the 
definition with affine lines so as to remain in the category of affine schemes. On the 
other hand, if for instance our category of schemes is the category of projective regular 
schemes, then the construction with projective lines may be the appropriate one. 

The paper is organized as follows. In the first section, we introduce the notation for 
multi-indices and (co)chain complexes. The complex of cubes is defined and a normalized 
version, in the style of the normalized complex associated to a cubical abelian group, 
is introduced. In the next section we define Adams operations for split cubes, that 
is, for cubes which are split in all directions, by means of a combinatorial formula on 
the Adams operations of locally free sheaves of finite rank. In the third section, the 
transgression morphism is defined. We assign to every cube of locally free sheaves on X, 
a collection of split cubes defined either on X x (P 1 )* or on X x (A 1 )*. Finally, in the last 
section we summarize the constructions provided in the previous sections so as to give 
a representative of the Adams operations for regular noetherian schemes of finite Krull 
dimension. It is shown that our construction induces the Adams operations defined by 
Gillet and Soule in [6]. 
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1. THE CHAIN COMPLEX OF CUBES 

1.1. Notation for mult i- indices. We give here some notations on multi-indices that 
will be used in the sequel. 

Let 3 be the set of all multi-indices of finite length, i.e. 

3= {i = (n,...,v> GN n , neN}= \jN k . 

k>0 

For every m > 0, consider the set [0, m] := {0, . . . , m}. If a G [0, m] and I = 1, . . . , n, let 
ai £ [0,777,]™ be the multi-index 

(0,...,0,a,0,...,0), 

that is, the multi-index where the only non-zero entry is o in the Z-th position. We write 
1 = (1, . . . , 1) and more generally, if r\ < r2, we define 1^ to be the multi-index with 

1 if ri < i < 7~2, 



(V2 \ = f 1 if n < « < 

{ rih \ otherwise. 



Definition 1.1. Let i, j € N n . We fix the following notations for multi-indices: 

(1) The length of i is the integer length(i) := n. 

(2) The characteristic of i is the multi-index £ {0, 1}™, defined by 

if ij = 0, 

1 otherwise. 

(3) The norm of i is defined by \i\ = + - ■ -+i n . If 1 < I < n, we denote \i\i = i\ + - ■ 

(4) Orders on the set of multi-indices: 

> We write i > j, if for all r, i r > j r . Otherwise we write i ^ j. 

> We denote by ■< the lexicographic order on multi-indices. By i -< j we mean 
i <j and i ^ j. 

(5) Let 1 < / < 77 and m G N. Then, we define 



Faces: di(i 



Degeneracies: 
Substitution: 



(ii, . . . . . . ,i n ). 



(h, . . .,ii-i,m,ii, . . . ,i n ). 

S^dl{i) = (7l,...,72_l, 777, 72 + 1,..., 7„). 

In general, for any I = (Zi, . . . , l s ) with 1 < l\ < • • • < l s < n and m = (mi, . . . , 777 s ) € 
N s , we write 

ft(t)=sk 1 ...ft i (i), a n<)=C"-C( < ). and ^ m w=< i --^r«- 

(6) If length(i) = I and length(j) = r, the concatenation of i and j is the multi-index of 
length I + r given by 

ij = (7i,...,7;,Ji,...,J r )- 

(7) Assume that i € {0, l} n . The complementary multi-index of i is the multi-index 
i c := 1 — i, i.e. 

if i r = 1, 

1 if i r = 0. 



(i C )r 
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(8) Assume that i,j £ {0, l} n . We define their intersection by 

in j = (i\ ■ ji,...,i n ■ j n ), 

and their union i U j by 

(iU j) r = max{i r , j r }- 

1.2. Iterated (co)chain complexes. Let U be some universe (see pQ) and let V be a 

small additive category in ZY, with fixed zero object 0. 

Definition 1.2. (i) A k-iterated cochain complex C* = (C*, d 1 , . . . , d k ) over V is a fc- 
graded object together with A; endomorphisms d l , . . . ,d k of multi-degrees li, . . . , 1&, 
respectively, such that for all i, j, cf (f = and d l d 3 = d 3 d l . The endomorphism d l 
is called the i-th differential of C*. 

(ii) A k-iterated chain complex C* = (C*,di, . . . ,dk) over "P is a /c-graded object to- 
gether with k endomorphisms d\, ■ ■ ■ , d^, of multi-degrees — li, . . . , — 1& respectively, 
such that for all d{di = and didj = djdi. The endomorphism di is called the 
i-th differential of C*. 

(iii) A (co) chain morphism is a collection of morphisms commuting with the differen- 
tials. 

If C* is a A;- iterated cochain complex and i a multi- index of length k — 1, then C s *^ 
is a cochain complex. In this way, if P is a property of cochain complexes, we say that 
C* satisfies the property P in the l-th direction, if for all multi- indices i of length k — 1, 
the cochain complex C s t^ satisfies P. 

Let C* be a cochain complex. We will mainly refer to the two following properties of 
cochain complexes: 

(i) The complex C* has finite length if there exists l\ < li such that 

C n = 0, for n < h, and n > / 2 . 

In this case, the difference I2 — h is called the length of C. 

(ii) The complex C* is acyclic, if H n {C) = for all n. 

Definition 1.3. Let (B*,d , cZ 2 ) be a 2-iterated cochain complex. The simple complex 
of £>* is the cochain complex whose graded groups are 

B n ■= B r ' s , 

r+s=n 

and whose differential is 

6 1 — > d 1 {b) + {-l) r d 2 {b). 

Observe that if B is acyclic in one direction, then so is the simple complex. 

Example 1.4 (Tensor product). Assume that in the category V there is a notion of 
tensor product. In our applications, V will be the category of abelian groups or the 
category of locally free sheaves on a scheme. Let (^4*,^) and (B* ,ds) be two cochain 
complexes. The tensor product (A (g) B)* is the 2-iterated cochain complex with 

(A <8> B) n ' m = A n ® B m , 

and differentials (dA^ids , idA^ds) ■ By abuse of notation, the associated simple complex 
will also be denoted by {A ® B)*. 
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1.3. The chain complex of iterated cochain complexes. Let V be a W-small abelian 
category. We denote by IC n (V) the set of n- iterated cochain complexes over V, concen- 
trated in non-negative degrees, of finite length and acyclic in all directions. Let ZIC n (P) 
be the free abelian group generated by IC n {V). Then, 

•LIC^V) =0Z/C„(P) 

n>0 

is a graded abelian group, which can be made into a chain complex in the following way. 
For every I = . . . ,l n ), we denote by IC l n (V) Q IC n (V) the set of n-iterated cochain 
complexes of length ij in the i-ih direction. 

Definition 1.5. Let A* G IC l n (V). For every i = 1, . . . , n and j G [0, k], the (n - 1)- 
iterated cochain complex df (A)* is defined by 

df {A) m := A s i^ G JC n _i(P) Vm. 
It is called the j-i/i /ace o/vl* m i/ie i-th direction. If j > k, we set ( J 4) TTl := 0. 

It follows from the definition that for all j G [0,k] and k G [0, l r ], 
(1.6) d 1 i d* = d?_ 1 d 1 i , if i < r. 

Then, there is a well-defined group morphism 

Z7C n (P) ^ llCn-^V) 
i=l j>0 

bince d 2 = 0, the pair (ZIC*(V), d) is a chain complex. It is called i/ie c/iain complex of 
iterated cochain complexes. 

Remark 1.7. Observe that we have obtained a chain complex whose n-graded piece is 
generated by n-iterated cochain complexes. We will try to be very precise on this duality, 
so as not to confuse the reader. 

1.4. The chain complex of cubes. We are interested in the chain complex of iterated 
cochain complexes obtained restricting to the iterated cochain complexes of length 2 in 
all directions. We write for simplicity, 

C n {V) = ICl{V) and ZC n (V) = ZICZ(V). 

The differential of ZIC^(V) induces a differential on ZC*(V) = ® n ZC n ('P), making 
the inclusion ZC*(P) <^-> ZIC*(7 7 ) a chain morphism. An element of C n {V) is called an 
n-cube. 

Remark 1.8. Let 

e : -> E -> Ei -> E 2 -> 
be an exact sequence of (n — l)-cubes. That is, for every j G {0, 1, 2}™ _1 , the sequence 

()-►£#-► — > .Ej' — > 

is exact. Then, for alH = 1, . . . , n, there is an n-cube E, with 

This cube is called the cube obtained from e along the i-th direction. 
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Definition 1.9. For every i = 1, . . . , n and j = 0, 1, one defines degeneracies 

s{ :ZC n _i(P) ^ZC n (V), 
by setting for every E G C n -i(V), 

i{ h ~\ E 9iU) J, J.J I 1. 

That is, s\ (E) is the n-cube obtained from the exact sequences of n-cubes 

0— ►.E-^-.E— >0— >0, if j = 0, 
O^O^E^E^O, if j" = 1 , 

along the i-th direction. An element F € C n (V) is called degenerate if for some i and j, 
F G ims^. 

For any k, I £ {0, 1, 2} and for all u,v £ {0, 1}, the following identities are satisfied: 



(1.10) 



Let 



%d} = \ 


r 


if j < i, 




if i > i- 


w = I 




9}4 = 


d\s u j = j 


r ^Ci 


if J < h 






if j > i- 


Q u „v , 

b i b j - * 


if j 


> i. 



d?4 = id, d?s9-x°°l 



894 = 0, 



ZD n (V) = j\?(ZC n _i(P)) + 4(ZC n _i(P)) C ZC n (7>). 

i=l 

Since the differential of a degenerate cube is also degenerate, the differential of ZC*(7 ? ) 
induces a differential on 7LD*{V) making the inclusion arrow ZZ?^('P) ZC*(V) a chain 
morphism. The quotient complex 

ZC*(P) = ZC*(V)/ZD ltt (V) 

is called the chain complex of cubes in V. Nevertheless, by abuse of language, the complex 
"LC^iV) is usually referred as to the chain complex of cubes as well. 

Proposition 1.11. (McCarthy) LetV be a small abelian category and let KniV) denote 
the Quillen algebraic K-groups ofV. Then, for all n>0, there is an isomorphism 

Proof. See [9]. □ 



1.5. The normalized complex of cubes. Let V be a small exact category in some 
universe IA. In this section, we show that there is a normalized complex for the complex of 
cubes, in the style of the normalized complex associated to a simplicial or cubical abelian 
group. That is, we construct a complex NC*(V) C ZC*(7 3 ), which maps isomorphically 
to ZC^V). 
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N n C(V) 



Proposition 1.12. Let NC*(V) C "LC^iV) be any of the following complexes: 
nr=iker^nnr =1 ker9?, 

nr=i ker of n nr=i m^ 1 - a?) = nr=i ker a? n nr =1 k er a\ , 

niLi ker(5/ - df) n n™=i ker fl? = f^ =1 ker flj n fT=i ker fl£, 
(ir = i ker(a/ - df) n nr=i ker(d° - d}). 
Then, the composition 

NC*(V) ^ ZC*(V) -» ZC*(V) = ZC*(V)/ZD4V) 
is an isomorphism of chain complexes. 

Proof. We will see that the complex of cubes can be obtained by associating two different 
cubical structures to the collection of abelian groups {ZC n ('P)} n . 

We start by recalling the definitions and results on cubical abelian groups that we need. 
Given a cubical abelian group C. , with face maps denoted by Sj and degeneracy maps by 
<Tj, the chain complex associated to C, C#, is the chain complex whose n-th graded piece 
is C n and whose differential 5 : C n — > C ra _i is given by 5 = Y17=l Sj=o i(~^Y +J $1 ■ Let 
D n C C n be the subgroup of degenerate elements of C n , i.e. the elements that lie in the 
image of o~i for some i. The quotient C* := C*/D* is a chain complex, whose differential 
is induced by 5. For I = or 1, the normalized chain complex associated to C. , iV'C*, is 
the chain complex whose n-th graded group is 

n 

N l C n := p| ker 8\, 
i=i 

and whose differential is the one induced by the inclusion N l C n C C n . A well-known 
result states that for any cubical abelian group C. , there is a decomposition of chain 
complexes C* = N l C* © D*. As a consequence, we obtain that the composition 

(1.13) <f> : N l C* ^C*^>C* 

is an isomorphism of chain complexes. 

In our situation, we associate two different cubical structures to the collection of 
abelian groups {ZC n (7 :, )} n , we apply twice the normalized construction to ZC. (V) = 
{%C n (V)} n an d finally we obtain a subcomplex NC*(V) C ZC('P) which is isomorphic 
toZC*(P)/ZD*(V). " 

The two different cubical structures of ZC. (V) are given as follows. 

► For the first structure consider 

a? = flP, Bj = dj-dl and s t = sl 

► For the second structure consider 

B° = df, d} = d}-dl and ~ Si = s\. 

By the identities (|1.10|) . both collections of faces and degeneracies satisfy the identities 
of a cubical structure on ZC.('P). Moreover, the differential of ZC*('P) induced by both 
structures is exactly the differential of the complex of cubes. 

By the first structure, we obtain an isomorphism of chain complexes 

N X C*(V) ^ ZC*(V) -» ZC*(V)/ZDl(V) 
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where 

n n n 

N 1 C^(V) = |^| ker # or f] ker {d} - %) , and ZD* {V) = im s° . 

The reader can check that the second structure induces a cubical structure on N 1 C.(V) 
and on ZC.(V)/^D 1 (V) compatible with the map N X C.{V) -> 1C.(V)/'LD 1 {V). There- 
fore, there is an isomorphism of complexes 

N 2 N l C*{V) ^ N 2 C*{V) -» N 2 (ZC*(V)/ZDl(V)). 

Applying (|1.13p to ZC. (T')/ZD 1 (V), we obtain an isomorphism of complexes 

N\ZC*(V)/ZDl(V)) - ZC4V)/ZDl(V) - ZC ffl/ Zi y ) , 

Since for every n, Y^i=i ims? H SiLi i ms i = {0}, we obtain that 

Za(V)/ZDl(V) 



E*=i ims * 



ZC m (V)/ZD m (V). 



Hence, NC^{V) = N 2 N 1 C^(T') is isomorphic to ZC*(V). The four candidates in 
the statement of the proposition appear combining the two options for the normalized 
complex, for every structure. □ 

Remark 1.14. There are actually two other possible cubical structures on ZC.(V). One 
can consider the structure with 

d? = d? + d 2 , Bl = dj and Si = s°i or a}. 

Therefore, further normalized complexes are obtained. As long as we consider one cubical 
structure with Sj = s° and another cubical structure with Sj = sj, we obtain different 
normalized complexes associated to ZC*(7 7 ). 

We fix, from now on, the normalized chain complex A r C*(7 3 ) to be the one with n-th 
graded piece given by 

n n 

N n C(V) := p| ker ,9° n f] kerd 2 C ZC n (V), 

i=l i=l 

and differential induced by the differential of ZC* (V) . 

As a consequence of proposition 11.111 and proposition 11.121 we obtain the following 
corollary. 

Corollary 1.15. Let V be a small abelian category and let K n (V) denote the Quillen 
algebraic K-groups ofV. Then, for all n > 0, there is an isomorphism 

H n (NC*(V),Q) =K n (V)®<Q. 

Remark 1.16. Let A be a scheme and let V = V(X) be the category of locally free 
sheaves of finite rank on X. Fix a universe U so that V(X) is W-small for all X. We 
will denote the complexes ZC*{T J ),N*C{V),ZIC*{'P), . . . and so on simply by ZC*(A), 
N*C[X),ZIC*(X),.... 
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2. Adams operations for split cubes 

Let X be any scheme. In this section, for every k > 1, we construct a chain morphism 
q,k f rom the complex of split cubes to the complex of cubes on X. 

We divide the construction into three steps. We first construct the chain complex 
of split cubes on X, (Z Sp^X), <£). We then define an intermediate chain complex 
(ZG fe (X)*,d s ) and a chain morphism 

ZG k (X), ^ZC,(X). 
Finally, for every n, we construct a morphism 

* fc :ZSp n (X) ^ZG k (X) n . 

Its composition with [i o tp, 

liopf 4 : ZSp*(X) -> ZC*(X), 

gives the definition of the Adams operations over split cubes. 

Let X be a scheme and let V = V{X) be the category of locally free sheaves of finite 
rank on X. Recall that the notation on multi- indices was introduced in section fTTTl 

2.1. Split cubes. We introduce here the complex of split cubes, which plays a key role 
in the definition of the Adams operations for arbitrary cubes. Roughly speaking, split 
cubes are the cubes which are split in all directions. 

For every j = (ji, ■ ■ ■ ,j n ) £ {0, 1, 2} n , let u% < • ■ ■ < u s (j) be the indices such that 
j Ui = 1 and let 

(2.1) u{j) = («!,... ,u s y)). 

Observe that s(j) is the length of u(j). 

Definition 2.2. Let {-E*}iG{o,2}" be a collection of locally free sheaves on X, indexed 
by {0, 2} n . Let [-E7 l ]ie{o,2}™ be the n-cube given by: 
[> The j-component is 

E a <^\ je {0,1,2}™. 

T«G{0,2} a W) 

[> The morphisms are compositions of the following canonical morphisms: 

A@B ^ A, A®B ■=» Be A, 

A ^ A®B, A®(B®C) ^ {A®B)®C. 

An n-cube of this form is called a direct sum n-cube. 

Remark 2.3. In the previous definition, the direct sum is taken in the lexicographic 
order on {0,2}^'). 

Observe that, if j € {0, 2} ra , then the j'-component of [-E 2 ]ig{o,2} n is exactly E 3 . Hence, 
this n-cube has at the "corners" the given collection of objects, and we fill the "interior" 
with the appropriate direct sums. 

Example 2.4. For n = 1, the 1-cube [E°,E 2 ] is the exact sequence 

E° -» E° ®E 2 -> E 2 . 
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Example 2.5. For n = 2, if E 00 , E 02 , E 20 , E 22 are locally free sheaves on X, then the 

£00 £02 

is the 2-cube 



2-cube 



£20 £22 



. £00 e £02 



E 00 ®E 



£20. 



20 



£00 e £02 £20 £22 



£02 



' £ 02 © £ 2 



■ £ 20 © E 2 



^E 22 . 

Definition 2.6. ► Let E be an n-cube. The direct sum n-cube associated to E, 
Sp(E), is the n-cube 

Sp(E) := [Ei] jm2}n . 

► A split n-cube is a couple (E,f), where E is an n-cube and / : Sp(E) — > i? is 
an isomorphism of n-cubes such that f 3 = id if j S {0, 2} n . The morphism / is 
called the splitting of (E,f). 

► Let 

Z Sp n (X) := Zjsplit n — cubes on X}, 
and let ZSp,(X) = n ZSp n (X). 

Example 2.7. For n = 2, a split cube (E,f) consists of a 2-cube E together with an 
isomorphism 



E 



oo . 



£00 £02 



■E 



02 



£ 00 ©.e 



£20. 



20 



■ E Q0 © E 02 (BE 20 (BE 



22 



# 02 © E 



22 



10 . 



E 1 



E° 



E 



12 



£ 20 © # 



22 



22 



E 20 E 



21 



E 



22 



which is the identity at the "corners". 

We endow ZSp^(X) with a chain complex structure. That is, we define a differential 
morphism 

ZS Pn (X)^ZS Pn _ 1 (X). 
Let E be an arbitrary n-cube. Observe that if j = 0, 2, then, for all I = 1, . . . , n, 

dfSp(E) =Sp(djE). 

Therefore, if (E, f) is a split n-cube, 

dj(EJ) := (djE,dff) 

is a split (n — l)-cube. By contrast, in general 

(2.8) dlSp(E)^Sp(dlE). 

However, if E is a split n-cube, d\E is also isomorphic to $p{d}E), i.e. it is also split. 

In order to illustrate the forthcoming definition, we will start by defining the face 
dl(E, f) = (dfE, f) for n = 2. Let (E, f) be a split 2-cube as in example O Then, 

d\{E) = E 10 -» E 11 -> E 12 and Sp(#£7) = £ 10 - £ 10 £ 12 -» £ 12 . 
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We define the morphism f 1 : E 10 © E 12 ~~ ' 1 

12 (/ 10 )- 1 ®(/ 12 )" 1 



E 11 , as the composition 



E 



10 



E 



E 00 © E 02 © E 20 



E 22 f > £ill 



Let (.E, /) be a split n-cube. For every j G {0, 1, 2} n , we define a morphism 

/' : SpidjEY - 
as the composition of the isomorphisms 



em e{0) 2Hi)(^r ww) 



(i) 



= P 



® m emMd?Eed?Er^ 



(i) 



©7 



_x E u{s i 



?ttj,£{0,2} s WH 

where the bottom arrow is the canonical isomorphism. Then, we define 

d}{EJ) := (dlEj). 

With this definition of d}, the commutation rule (jl.6p is satisfied. Therefore, we have 
proved the following proposition. 

Proposition 2.9. The morphism 



d 



£ £ (-lr+^^spj^^zsp^cx) 

Z=l i=0,l,2 

makes ZSp^(X) into a chain complex. Moreover, the morphism ZSp^(X) 
obtained by forgetting the splittings is a chain morphism. 



□ 

Remark 2.10. Observe that due to (|2.8p . the morphism 

Sp :ZC*(X) ^ZSp,(X) 

is not a chain morphism. 

2.2. An intermediate complex for the Adams operations. Here we introduce the 
chain complex that serves as the target for the Adams operations defined on the chain 
complex of split cubes. We then construct a morphism from this new chain complex to 
the original chain complex of cubes ZC*(X). 

Let k > 1. For every n > and % = 1, . . . , k — 1, we define 

G\{X) n := IC\{C n {X)) 

{acyclic cochain complexes of length k of n — cubes}, 



Gf(X) y 



IC k 2 -^\C n (X)) 



{2-iterated acyclic cochain complexes of lengths (k — i,i) 
of n — cubes}. 

The differential of ZC*(X) induces a differential on the graded abelian groups 
%Gf{X), :=0ZG^ fc (X) n and %G\ (X), := ZG\{X) n . 
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That is, if B G G l 2 k {X) n , then for every r,s, B r,s is an n-cube. Define d\{B) to be the 
2-iterated cochain complex of lengths (k — i, i) of (n — l)-cubes given by 

dt(B) r ' s := dt(B r > s ) G C n _i(X), for every r, S . 

Then the differential of 5 is defined as 

n 2 
i=l Z=0 

If A G G^(X) n , then for every r, A r is an n-cube and the differential is defined analo- 
gously. 

For every n, the simple complex associated to a 2-iterated cochain complex induces a 
morphism 

& : 1Gf{X) n -> ZGf (X) n . 
That is, for every 5 G G2 fc (X) n , <& % {B) is the exact sequence of n-cubes 

■= -> B 00 -> ► B^-J' 2 -► ► -> 

h+h=j 

with morphisms given by 

6 i ^ d 1 (6) + (-l) J ' 1 rf 2 (6). 

One can easily check that, for every i = 1, . . . , k — 1, <& l is a chain morphism. 
We define a new chain complex by setting 

fc-i 



ZG fc (X) n := 0ZG*' fc (X) n _! ©ZGj(X) n . 

i=l 

If G G^' fc (X) n _i, for i = 1, . . . , fc — 1, and A G G k (X) n , the differential is given by 

fc-i 

d s (B u B fc _i, A) := (-dBi, . . . , -dB fc _i, £(-1)^(50 + dA). 

i=i 

Since, for all i, the morphisms <3?* are chain morphisms, d 2 = and therefore (ZG fc (X)* = 
® n ZG k (X) n , d s ) is a chain complex. 

Our purpose is to define a chain morphism from the chain complex TLG k {X)^ to the 
complex of cubes ZC*(X). It is constructed in two steps. First, we define a chain 
morphism from 'LG k (X) tf to the complex 

ZC? b (X) :=Z/G*' 2 '"' 2 (X). 

This complex is the chain complex that in degree n consists of n-iterated cochain com- 
plexes of length 2 in directions 2, . . . , n and arbitrary finite length in direction 1. Alter- 
natively, it can be thought of as the complex of exact sequences of arbitrary finite length 
of (n — l)-cubes. 

Then, we construct a morphism from ZG° rfe (X) to ZC*(X), using the splitting of an 
acyclic cochain complex into short exact sequences. 
Let 

A : ^ A ^ > A fc ^ G G k (X) n 
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be an acyclic cochain complex of n-cubes. We define ip\ (A) to be the "secondary Euler 
characteristic class", i.e. 

<px(A) = ^(-l) fc - p+1 (A: - p)A*> e ZC n (X). 

p>0 

We choose the signs of this definition in order to agree with Grayson's definition of 
Adams operations for n = in [7]. Note that in loc. cit., an exact sequence is viewed as 
a chain complex, while here it is viewed as a cochain complex. 

Recall that if B { € G l f{X) n , then B t is a 2-iterated acyclic cochain complex where 
B\ in is an n-cube, for every We attach to Bi a sum of exact sequences of n-cubes 

as follows. 

ViW = ^(-l) k - i+ \(k - i - j)B? + (i - j)Bj*) 
i>o 

+ i>* s '■■ />• - .) 2>r' J - © Br™ - © sr™). 

»>i i>o j'>j f>j 

Roughly speaking, the first summand corresponds to the secondary Euler characteristic 
of the rows and the columns. The second summand appears as a correction factor for 
the fact that direct sums are not sums in ZC n (X). 
For every n, we define a morphism 

(2.11) ZG k {X) n ZC* rb {X) 

k-i 

(Bi, . . . , Bk-i,A) h- Vl (A) + Y J (-^) i+ \2(B i ). 

i=i 

Lemma 2.12. The morphism ip is a chain morphism between ZG k (X)* and ZC® rb (X). 
Proof. The lemma follows from the two equalities 
dtpi(A) = ipxidA), 

di P2 (B i ) = -MdB l ) -wi&iBi)), V*. 

The first equality holds as a direct consequence of the definition of <p\ . By the definition 
of the differential of ZG^ (X)*, 

n 2 

-<p 2 (dB i )=j2J2(- i y +jd i^ B ^ 

1=2 j=0 

Therefore, it remains to see that 

r>0 

In other terms, writing 

(1) := £(-i)^^ - S ) e D- 1 )^! [^r j J - © ^r j,j " - © 5r j,j "] . 

s>l i>0r=0 f>j f>j 

(2) := ^(-^[^(-ijfc-i+l^-i-^ + ^-j-)^.*)], 

r>0 j>0 
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we want to see that 

(2.13) (1) + (2) = ^mBi)) = "£(-l) k - s+1 (k ~ s) B s r j ' j . 

By a telescopic argument, the first term is 



(i) = [^(-if- s (fc- S )^Br jj ]-^(-if- s ^- S )0B. 



i 

s>l j>0 



s>l j>0 



00 



s>0 j>0 

The second term is 

r>0 j>0 



(2) = 

r>0 j>0 

+[E(- 1 ) r E(- 1 ) fc_J+1 ( i -^ Vr ] 



r>0 j>0 

= £(-i) fe - s+1 - < - ^ jJ + £(-i) fc ~ s+1 £(* - s + ^r ,r 

s>0 j>0 s>0 r>0 

= £( L) fc "'a- 

s>0 j>0 

Adding the two expressions, f)2. 13j) is proved. □ 

The final step is the construction of a morphism from 1,C% rb (X) to ZC*(X). Recall 
that, by definition, an element of 'LC'^ b {X) is a finite length exact sequence of (m — 1)- 
cubes. The idea is to break this exact sequence into short exact sequences, obtaining a 
collection of short exact sequences of (m — l)-cubes, hence, a collection of m-cubes (see 
remark II .8j) . 

Let 

f0 fj-l . fj fl — 1 

-> ,4° ■ ■ ■ ± — ► A> • • • 1 ► A r -> 

be an exact sequence of (m — l)-cubes i.e. an element of C^ b (X). Let ^(A) be the 
short exact sequence of (m — l)-cubes defined by 

H j (A) : 0^kerf j ^A j ^kerf j+1 ^0, j = 0,...,r-l. 

It is the m-cube that along the first direction is given by: 

0° (ijJ (A) ) = ker f , 3\ (p j (A) ) = A> , and df (fj, j (A) ) = ker f j+1 . 

We define \i by 

ZC% b (X) A ZC m (X) A -> ^(-l^-V(A). 

j>0 

The next lemma follows from a direct computation. 
Lemma 2.14. T/ie map n is a chain morphism. 

□ 
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2.3. Ideas of the definition of the Adams operations on split cubes. Let X be 

a scheme. In order to enlighten the forthcoming construction, in this section we give 
examples and the outline of the definition of Adams operations on split cubes. The 
starting point is the use of the Koszul complex, as considered by Grayson in [TJ. 

Let 'LSG k {X) if be the chain complex obtained like 'LG k (X)* by considering split cubes. 
That is, considering the groups 

SG\{X) n := JCf(Sp n (X)) s 

SGf(X) n := IC k 2 - hl (Sp n (X)). 

Observe that there is a natural morphism 

ZSG k (X), -> ZG k (X), 

obtained by forgetting the splitting. 

For every k > 1, we construct a morphism, 

ZS Pn (X) ^ZSG k (X) n , 
which composed with (io^, gives a morphism 

ZS Pn (X) ^Uzc n (x). 

Definition 2.15. Let E G Sp (X) and k > 1. We define the element ^ k (E) G 
SG k (X)o = SG k (X)o to be the k-th Koszul complex of E, i.e. the exact sequence 

-> V k (E)° -» > V k (E) k -» 

with 

f fe (£) p = E- P.-E&EA k ~? AE = S p E <g> /\ k ~ P E. 
Observe that, for k = 1, we have 

: -> S ^> E -> 0. 

By definition, the Koszul complex is functorial. Moreover, it has a very good behavior 
with direct sums. 

Lemma 2.16. If E and F are two locally free sheaves on X, then there is a canonical 
isomorphism of exact sequences 

k 

(2.17) ^ k (E®F) ^ m k - m (E) <g> ^ m (F), VJfe. 

m=0 

□ 

This identification plays a key role in the construction of the Adams operations. 

The definition of ^> k (E) of a general split n-cube E is given by a combinatorial formula 
on the Adams operations ^ k (E^), j G {0, 1, 2} n , of the locally free sheaves in the cube. 
In order to understand how the combinatorial formula of the upcoming definition 12.181 
arises, we explain here the low degree cases. We give the detailed construction of the 
Adams operations for n = 1, with k = 2, 3, and for n = 2, k = 2. We extract from these 
examples the key facts that enable us to set the general formula. 

Adams operations in the case n = 1, k = 2. Let n = 1 and k = 2, and let 

E = [E°, E 2 ]. Recall that this notation means that E is the 1-cube E° -> E° E 2 -> E 2 . 
Our aim is to define ty 2 (E) in such a way that its differential is exactly 

-^ 2 (E°) + ^ 2 (E° E 2 ) - ^ 2 (E 2 ). 
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Consider the two exact sequences 

C (E) := [^(^.^(SV^^JIGG^I)!, 

C X (E) := ^(B )®* 1 ^)®* 1 ^),* 2 ^ 2 )]^^!)!. 

Then, 

d{C {E) +C X {E)) = -^f 2 (E°) — ® * 1 (£' 2 ) 

+^ 2 (^°) e ^(e ) © f 1 ^ 2 ) © ^(e 2 ) - ^ 2 {e 2 ). 

Observe now that by the isomorphism (|2,17p . 

y 2 (E°) © ^(e ) © ^(e 2 ) © ^ 2 {e 2 ) ^ ^ 2 (£° e e 2 ). 

We define then C\{E) to be the exact sequence C\{E) modified by means of this isomor- 
phism, that is 

Ci{E) : ^ 2 (E°) © ^(E ) © ^(E 2 ) -> ^ 2 (E° © E" 2 ) -» f 2 (£ 2 ). 

Finally, observe that the extra term ^(E' )©'^^ 2 ) is the simple complex associated 
to the 2-iterated complex of length (1,1) 

E° © E° E° © E 2 



E 2 ®E° 



£ 2 ©E 2 



Hence, viewed as a 2-iterated complex, ^ 1 {E°) ® ^ l (E 2 ) € G\ 2 POo- We conclude that 
the differential of 

^ 2 {E) := (^(E ) © ^ 1 (E 2 ),Cq(E) + C 1 {E)) e ZGl' 2 (X) © ZG 2 (X)! 

is exactly -^ 2 (E°) + ^ 2 (E° © E 2 ) - ^ 2 {E 2 ) as desired. 
For an arbitrary split 1-cube (E,f), we define: 

► Co(EJ) :=G (Sp(£)) G G 2 (X)l 

► C\(E, /) is the exact sequence obtained changing, via the given splitting / : E 1 = 
E°®E 2 , the terms 1- 2 (E © E 2 ) in C x ($v(E)) by ^(E 1 ): 

^ 2 (E°ffiE 2 ^ 



^ 2 {E l 




& 2 {E 2 



* 2 (E°) © ^(E°) © ^H^ 2 ) 

We define then 

* 2 (E, f) := (^(E ) © ^(E 2 ), C (E, /) + C^E, /)) € ZG^ 2 (X) © 7LG 2 (X) X . 

Adams operations in the case n = 1, k = 3. Let E = [E°,E 2 ] as above. Our 
aim now is to define ^ 3 (E) in such a way that its differential is 

-^ 3 (E°) + f 3 (E° © E 2 ) - ^ 3 {E 2 ). 

We consider the exact sequences, 



C (E) 
Ci(E) 
C 2 {E) 



[^ 3 (E°),^ 2 {E°)®^ 1 {E 2 )], 

[^ 3 (E°) © f 2 (E°) © ^ 1 (E 2 ),^ 1 (E°) © ^ 2 (E 2 )], 

[* 3 (E°) © ^ 2 (E°) © ^(E 2 ) © ^(E ) © f 2 (E 2 ), f 3 (E 2 )]. 
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Then, we define C 2 (E) to be the exact sequence obtained from C 2 (E) by exchanging 

^ 3 (E°) © V 2 (E°) © ^(E 2 ) © ^(E ) © ^ 2 (E 2 ) © ^ 3 (E 2 ) 
with ty 3 (E° © E 2 ) by the isomorphism (|2.17p . That is, C 2 {E) is the exact sequence 

v 3 (e°) © ^ 2 (e°) © * 1 (E 2 ) © ^ ,1 (e , °) © <f 2 (£ 2 ) -> f 3 (£° © £ 2 ) -> ^ 3 (^ 2 ). 

Then, the differential of C (E) + C X {E) - C 2 (E) is 

-^ 3 (E°) + ^ 3 (E° © E 2 ) - ^ 3 {E 2 ) - y 2 (E°) © ^{E 2 ) - ^(E ) © ^ 2 {E 2 ). 

As in the previous example, we have ^ 2 (E°) © V\E 2 ) e ZG^POo and ^(S ) © 
f 2 (£ 2 ) £ ZG 2 ' 3 (X) . Hence, the differential of 

tf 3 (£) := {^ 2 (E°) © ^(tf 2 ), ^ 1 (£ , °) © * 2 (E 2 ),C (E) + d(E) + C 2 (£)) 

is exactly -^ 3 (E°) + ^ 3 (E° © E 2 ) - ^ 3 (E 2 ) as desired. 
Finally, for an arbitrary split 1-cube (E,f), 

Co(EJ) := C (Sp(£)), C 1 (E,f) := Ci(Sp(£)), 

and C 2 (E, f) is defined by changing the term ^ 3 (E° © E 2 ) in C 2 (Sp(E)) by ^ 3 ( J E 1 ) by 
means of the isomorphism induced by /. 

Adams operations in the case n = 2, k = 2. Let E - 

define the following terms of *ZG 2 (X) 2 : 

^(E 00 ) ® ^(E 20 ) ^(E 00 ) ® ^(E 22 ) © ^(E 02 ) ® ^(E 20 ) 



E 00 
E 20 



E 02 
E 22 



Then, we 



C 00 (E) 



C W (E) 



C 01 (E) := 



Cn(E) 



^ 2 {E 



20 i 



22 i 



^(E 00 )®^ l {E 00 )®^ 1 {E 02 ) 

©\[' 1 (i? 02 ) ® * 1 (£' 20 ) 



^2( £ 02) 

* 1 ( j b 02 )®* 1 (£; 22 ) 



^ 2 (£°°)© 

^H^ 00 ) ® ^OE 02 ) © H^ 00 ) (8) * 1 (-B 20 ) 

a* 1 ^ 00 ) ® ^(i; 22 ) © * 1 (£; 02 ) ® -j 1 ^ 20 ) 



* 2 (E 02 ) 



* 2 (£ 20 ) ffi* 1 ^ 20 ) <g> *!(£; ; 



^22 \ 



* 2 (£ 



22 i 



The faces of each of these cubes are as follows (up to the isomorphism (|2.17p ): 
> Terms that are summands of ^ 2 (djE): 

d$Coo(E) = C (&{E), d$C 00 (E) 



d$C 01 (E) = diftE) 

d\C 10 {E) = C (d\E) 

dlCn(E) = d($E) 

d 2 C 10 (E) = C (d 2 E) 

d 2 C u (E) = diftE) 



d° 2 C w (E) 
dlC 01 (E) 
dlC u (E) 
d 2 2 C 01 (E) 
d 2 C u (E) 



C (d$E) 
Ci(d$E) 
C Q {d\E) 
CME) 
C (d 2 E) 
Ci{d 2 E). 



IS 
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t> Terms that are a direct sum of a tensor product of complexes: 
dfC 00 (E), dlCoo(E), d%C 10 (E), dfC Q1 (E). 

> Terms that cancel each other: 

dlC o(E) = &>C 10 (E), dlC 00 (E) = d° 2 C 01 (E), 

d l 2 C 10 {E) = d 2 Cn(E), d\C 01 (E) = d°C n (E). 

It follows that the differential of C 00 (E) + C 10 (E) + C 01 (E) + C n (E) is ^ 2 (dE) plus 
some terms which are a direct sum of a tensor product of complexes. These tensor 
product complexes can be viewed as 2-iterated cochain complexes of lengths (1,1) of 

1 2 

exact sequences. These terms are added in ZG 2 (X) 1 . 

Finally, for every split 2-cube (E, /), ty 2 (E, f) is defined by modifying the appropriate 
locally free sheaves in each Ci{E) by means of the splitting /. 

Outline of the definition of ^> k . The given examples suggest that the general 
procedure can be as follows: 

> First, for every split n-cube (E, f), the direct sum n-cubes Ci(E) are defined by a 
purely combinatorial formula on the Adams operations of the locally free sheaves 

\> The previous construction is modified by the isomorphism (|2.17p . 
[> The entries of Ci{E) which give the terms Ci^d^E) in the differential, are modified 
by the morphisms induced by the splitting /. 
From the examples, the key ideas that lead to the general combinatorial formula of 
Ci(E) can also be extracted: 

> At each step, some entries in d® are constructed by taking the direct sum d®®d 2 
in a previous cube (where "previous" refers to the order < for the subindices in 
C*{E)). 

> The new entries (not being direct sums of previous cubes) are direct sums of 
summands of the form ^> kl (E 2ni ) (g) • • • (g) \I> fe ' •{E 2riT ) satisfying: 

a) ^ s k s = k. 

b) In the position 2j of the cube Ci(E), k s n s = j + i. 

c) Observe that in the example n = 2, all the entries in Coo are new, and the 
new entries for C\q are in the positions (2,0), (2, 2) and for C\\ in (2,2). 
Hence the new entries will correspond to the multi-indexes j such that j > 
v(i) (recall that v(i) is the characteristic of the multi-index i). 

2.4. Definition of the cubes Ci{E). Let (E,f) G Sp n (X) and fix k > 1. For every 
i £ [0, k — l] ra , we define an exact sequence of direct sum cubes Ci(E) G r LSG\{X) n . 
This definition is purely combinatorial and does not depend on the splitting /. 
Let 

L r k = {k = (k\, . . . , k r ) | \k\ = k and k s > 1, Vs} 
be the set of partitions of length r of k. Then, for every integer n > and every 
multi-index m of length n, we define a new set of indices by: 

A£(m) = |J {(fc, n 1 , . . . X) G LI x ({0, 1}T ] £ k s n s = m, n 1 ~< ■ ■ ■ -< n r }. 

r>l 

Definition 2.18. Let (E, f) G Sp n (A). For every i G [0, k - l] n , let d{E) G SG\{X) n 
be the exact sequence of direct sum n-cubes, such that, for every j G {0, l} n , the position 
2j is given as follows: 
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(i) If j > u(i), then 

(2.19) Ci(E) 2j = ^> kl (E 2nl ) ® ■ ■ ■ ® ^> kr (E 

(ii) If j ^ then 

(2.20) Ci{Efl= C^.^E) 



2n r \ 



\2m 



In order to simplify the notation, we will denote by r the length of k G (j + i) in 
the future occurrences of the sum (12. 190 . Observe that the definition of Ci{E) for a split 
cube (E, f) does not depend on /. 

Remark 2.21. First of all, observe that in equation (|2.2U|) . i — v(i) j c G [0, k — l] n , i.e. 
for every s, < (i — v(i) ■ j c ) s : 

\> If i s = 0, then u(i) s = and hence (i — ■ j c ) s = 0. 

> If i s > 0, then v{i) s = 1 and since (j c ) s = 0, 1, we have i s > v{i) s -{j c ) s . 

Remark 2.22. Observe that equations (j2TT9|) and (p^0|) define Ci(E) 2 i for all j G 
{0, 1}™. This follows from the following facts: 

> Since u(j) > (0, . . . , 0), equation (pT9]l defines Ci(E) for | i \ = 0. 

> If j ^ ^(*), then 

| i — z/(i) • J c | < | i | . 
Indeed, an equality would imply that v{i) ■ j c = and hence that for all r such 
that i r ^ 0, j% = 0, concluding that j > v(i). 

Remark 2.23. Observe that equation ()2.20p also holds trivially for j > because 
in this case u(i) ■ j c = and v{i) U j = j. We will use this observation in some proofs 
when only combinatorial questions are involved. 

Remark 2.24. The direct sum of more than two terms means the consecutive direct 
sums of two objects under the lexicographic order in the subindices. In order to prove 
some equalities, it will be necessary to reorder the indices, and then return to the original 
order. For the sake of simplicity, we will not write the canonical isomorphisms used at 
every step and will just write equalities. The reader should bear this remark in mind 
throughout this section. 

2.5. Faces of the cubes d(E). In this section, we compute the faces of the cubes 
Ci(E). We fix k > 1, i G [0,k - l] n , a split n-cube (E, f) G Sp n (X) and I G {1, . . . , n}. 

Lemma 2.25. 

I c m (efE> >fk = o. 

Proof. Assume that i\ / 0. It is enough to see that 

d?Ci(E)V = dlCi„ k (E)V, V j G {0, l}"" 1 . 

Observe that 

%cm* = Q(£) 2s " (i) = c^^e?™, 

s?ti)<rn<v(i)Us?(j) 
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with 

(2.26) C^ h (E) 2 ^ = C^^y^E) 2 ™, 

s°U)<m<u{i-li)Us°(j) 

(2.27) C^{E)*M = C^^y^E) 2 ™. 

s]{j)<m<v{i-li)^s]{j) 

Let us compute each term separately. We start with (I2.27D . Since sj(j)i = 1, we see that 
m; = 1 for all indices m of the direct sum. Moreover, since sj(j)f = 0, s9(j)f = 1, and 
v{i)i = 1, we obtain that 

(i-u- v{i - w ■ sjun = it - h = (i - . sfun. 

Since it is clear that for all t ^ I, (i — u(i) ■ s®(j) c )t = (i — 1/ — v{i — 1/) • sj(j) c )t, we see 
that 

i-v(i)-8^U) c = i-h-^i-h)-sl(j) e . 

Thus, 



C^E) 2 ^) = CU (i) . s o (i)e (E) 2 -. 



s?(i)<m,<v(i)Us°(i), 
TO;=1 

All that remains is to see that 

C^E?^) = C^^p^e^) 2 -. 

n%i=0 

We proceed by induction on i[. If z/ = 1 then (i— 1/); = and hence {v{i—\i)V>s\{Jj))i = 
which means that mi = for all multi-indices m in the direct sum (|2.26j) . Moreover 
(i-h- v(% - 1;) • s°(j) c )/ = and (i - v{i) • s°(j) c )/ = 0. Therefore, 
i _ ll _ u(i _ ll) . s o ijr = i _ I/{i) . s o {jr 

and the equality is proven. Let i\ > 1 and assume that the lemma is true for ij — 1. Then, 
since ii > 1, we have v(i — \\) = ^(i) and v(i)i = 1. Writing a = i — — v(i — 1;) • s?(j) c , 
we obtain 

C^. Xl {EfflV) = C a (£) 2 ™0 C a (£) 2 ™ 

s?(i)<m<^(i-ii)u s py) s?(j)<™<Ki-ii)us?(i) 

(afea, 1 )^^) 2 - 

= d°C i _ J , (i) . s oy )c (.E) 2T1 ' 

j<n<y(8i(i))Uj 

= ® c 'i-^(i)-s0y) C (- B ) 2Tn ' ) 

m;=0 

since (i — i^(i) • s®(j) c )i = %i — 1 and we can apply the induction hypothesis in the third 
equality. 

Let us now prove the equality with i\ = 0. Assume that s9(J) > Then, 

dfCi{E) 2j = d(E) 2s '^ = ^(E 2nl ) <g) • • ■ <g> ^ fe ''( J E 2Tir ) = (*). 

A£ (•?(*)+*) 
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Since (s®(j) + i)i = 0, k s n s )i = 0. Hence, for all s, nf = and we obtain 
(*) = V k i(dfE 2nl ) ® . . . ® ^(^ nr ) = C m {$Ef*. 

Finally, if s?(j) ^ ^(*), the direct sum (|2.20p can be written in the form 

with m > v(n) and m/ = 0. We deduce that m = and hence, 

flfCiCE)* = C n (E) 2m = C^^Ef"* = C m (^E)^. 

This reduces the proof to the already considered case. □ 
Lemma 2.28. J/i, = fe - 1, then dfd(E) = C dl{i) (d 2 E). 

Proof. Arguing as in the proof of the previous lemma, we limit ourselves to proving the 
equality in the case where sj(j) > v{i). In this situation, we obtain 

(dfCi(E)) 2j = Ci(E) 2s '^ = m k ^(E 2nl ) ® •• • ® ^> kr {E 2nr ). 

Ag(4(i)+i) 

Since (sj(j) + i)i = 1 + k — 1 = k, we deduce that for all s, n® = 1 and therefore the 
lemma is proved. □ 

The next lemma determines the faces df of Ci(E) whenever £j ^ k — 1. 

Lemma 2.29. Zei j £ {0, l} n with ji = 1 and let ii ^ k — 1. Up to a canonical 
isomorphism, each of the direct summands of Ci(E) 2j is the tensor product of an exact 
sequence of length (k — ii — 1) by an exact sequence of length (ii + 1). Explicitly, in the 
equality 

d(E) 2j = ^(E 2nl ) ® ••• ® ^(E 2Tir ), 
A£(j+i) 

£/te tensor product of the Koszul complexes corresponding to the multi-indices n with 
n[ = gives the exact sequence of length k — i\ — 1, while the tensor product of the Koszul 
complexes corresponding to the multi-indices n with ni = 1 gives the exact sequence of 
length i\ + 1. 

Proof. If j > then, 

Ci{E) 2j = ^(E 2nl ) ® • • • ® ^'-(£ 2Tir ). 
A£(i+i) 

Assume that one of the summands is not a tensor product. Then there exists a multi- 
index n with /cn = j + i. In particular, (A; • n)/ = 1 + i\. But {k ■ n)i is either or k, and 
by hypothesis, l<l + ij<l + fc — 1 = k, which is a contradiction. If j ^ then, 

Ci(i?) y = C i _ u (^ i yjc(E) 2m . 
j<m<u(i)Uj 

The condition j < m implies that m/ = 1. Moreover, {i — v{i)-j c )i = i\ —jf < i\ < k — 1. 
This means that every direct summand is a tensor product of exact sequences. By 
induction on \i\, this is true for any multi- index i. 
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Let us prove that every direct summand can be seen as the tensor product of an exact 
sequence of length k—ii — 1, corresponding to the multi- indices n with n\ = 0, and one of 
length %\ + 1, corresponding to the multi-indices with n\ = 1. By an induction argument, 
it is enough to prove the result in the case j > v{i). Let (fc, n , . . . , n r ) £ AjJ(j + i). Let 
si,...,s m be the indices such that = 1 and let s' 1} . . . , s' r _ m be the indices such that 

a'- 

=0. Since Yl k s nf = % + 1, we see that Y^jLi ^ = ij + 1 and hence 
Ti := ^ fcs i (£ 2 " S1 ) © • • • (8) (E 2nam ) 
is an exact sequence of length i\ + 1. Then, 

T := * s i (E 2nS ' 1 ) ® • • • ® * fc 'r- m ) 
is an exact sequence of length k — i\ — \ and there is a canonical isomorphism 

# fe l(# 2rl1 ) ,g . . . g $ *r(£2n r ) =S T © T x 

as desired. □ 
Lemma 2.30. If i\ = k — 1, i/ien 

with the isomorphism induced by the canonical isomorphism of the Koszul complex of a 
direct sum in (|2.17p . 

Proof. The first part of the lemma is lemma [2,25 1 Assume then that i\ = k — 1. Applying 
lemmas 12.281 and 12.251 recursively, we obtain 

(2.31) diC i (E)^d?C i (E)(Bd?C i (E)=C dl{i) (d?E)e flC^E). 

ae[0,fc-l] 

Then, if j G {0, l} 71 ' 1 satisfies j > diu(i), we obtain that 

d}Ci{Efi = © A ™- ly+aKi)) ^(SP^ 2 " 1 ) © • • • © ^(d°£ 2 "> 

®ae[o,k-i] ©An (s i (i)+i _ a!) ^(S 2 - 1 ) © • • • is **r(E** r ). 
On the other hand, by the additivity of ^ k in (|2.1T|) . there are canonical isomorphisms 
V kl ((d?E © d?E) 2nl ) © • • • © ^((^.E © 8?E) 2nr ) = 

k\ k r 

- CD CD * fel ~ mi (tf >E2nl ) ® ■ ■ • ® # fcp-mr (8p.E anr ) 

m x =0 m r =0 ©^(df^n 1 ) © • • • © ^(dfE^). 

Therefore, C^us^dfE © dfE) 2j is canonically isomorphic to 

Ar 1 (j'+ S i( i )) mi=0 mr=0 ©^(E 2 ^™ 1 ))©...©^^^)). 

The first summand in (|2.3ip corresponds to the indices mi, . . . ,m r = in the latter 
sum. Therefore, we have to see that the second summand in (|2.3ip corresponds to the 
summand in the latter sum with at least one index ^ 0. We will see that there is a 
bijection between the sets of multi-indices of each term. 
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For every collection fci, . . . , k r , n 1 , . . . , n r , mi, . . . , m r with not all m s = 0, let a = 
k — m s- Since m s ^ 0, a £ [0, k — 1]. Let si,...,st £ {1, . . . , r} be the indices for 
which k Sl — m Sl ^ and let s' x , . . . , s' m G {1, . . . , r} be the indices for which ^ 0. 
Then, to these data correspond the indices a, and 

{k\ , • • • ; &t+m} = {kst — m si , • • • > k St — m St , rrig^ , • • • , } 

s^(ti s p) if p = 1, . . . ,t, 
s[(n s P-*) if p = t + 1, . . . ,t + m. 

Conversely, let a, k s and n s be given. Then, we rearrange the collection n s by the 
rule: 

n\..., n y, n y +1 , ...,n x , n x+1 , n 2 ^, n 2x - y+x , ...,n r 

with 

f„s\ _ / if s = 1, . . . , x, 
^ - \ 1 if s = x + l,...,r, 

The index y satisfies that for s = 1, . . . , y and for s = 2x — y + 1, . . . , r, there is no other 
index s' with di(n s ) = di(n s ) and for s = y + 1, . . . , x — y, di(n s ) = di{n s+x ~ y ). Then, 
the corresponding multi-indices are 

(n\. 



n r - x -y) 


= mn 1 ),... 


,d l (n x ),d l (n 2 -y +1 ). i 


...A(n r )), 








if s = i, • • • ,y, 




k' s 






hx - y if s = y + l, ... 








^ k s -^x—y 


if s = x + 1, . . . 


,r — x — y. 








if s = 




m' s 


-1 


. ^s+x—y 


if s = y + 1, . . . ,x, 








[ k s -\- x —y 


ii s = x + 1, . . . ,r — 


x-y. 



The lemma follows from this correspondence. □ 

2.6. Definition of the cubes Ci(E). At this point, we have defined the cubes Ci(E) 
for every split n-cube (E, /). Roughly speaking, all that remains is to change, by means 
of /, the terms corresponding to d?E © dfE by the terms in dfE. 

By the collection of lemmas above, this will be the case whenever i\ = k — 1 and j\ = 1. 
Therefore, let j € {0, 1, 2} n and ie[0,k- If. Let 

> w(j) = (w\, . . . , w r rj-)) where w\ < ■ ■ ■ < w r rj\ are the indices such that j Wm = 
1 and i Wm = k — 1. 

t> = ( w i> • • • ) v r v (j)) w here «!<•••< u rv (j) are the indices such that j Vm = 1 
and i Vm / k- 1. 

Then, by lemma [2.301 

m€{0,2} r «(j) ne{0,2} r «'Cj) 

Recall that there is an isomorphism 

E <(i)Ldl {j) E. 

n£{0,2}'' 

This motivates the following definition. 
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Definition 2.32. Let (E, f) be a split n-cube and let ie[0,k- l] n . The n-cube Ct{E) 
is denned by: 

(2-33) Cm 6 = © ^. )(s) (9i/)^' (ff ™i) (i)) . 

m£{0,2} r »> W) 

The morphisms in Ci(E) are given as follows. 

(i) If I with %i = k — 1 does not exist, then the cube Ci(E) is split. 

(ii) If z/ = k — 1, then the morphisms in the cube are induced by the fixed isomorphisms 
d^fj^E) = ©ngjojj^O) ®w(j)^ an< ^ * ne canonical isomorphisms in lemma 12.301 

Since all isomorphisms are fixed, the following proposition is a consequence of lemmas 
12-25112-25112-291 and [2301 

Proposition 2.34. Let (E, f) be a split n-cube, i £ [0, k — l] n and I E {1, . . . ,n}. 

(i) Ifii = 0, then dfCi(E) = C dl{i) {$E). 

(ii) IfU + 0, then dfd(E) = d}C izll {E). 

(lii) J/i, = fc - 1, then dfCi(E) = C dl{i) (d?E) and d}Ci{E) = C m {d}E). 
(iv) Lemma [2. 29\ remains valid for the cubes Ci{E). 

□ 

Remark 2.35. Let (E, f) be a split n-cube. Observe that by the choice of isomorphisms, 
for every j with ji = 1 and i with ii = k — 1, the arrows 

Ci(E)°?V) Ci(£y' and C^E)* -» C^Efi^ 
are induced by the arrows 

<9f£ -» S^-E, fl^S -» J5 and Sf -B -» dfE J5 A ^E. 
2.7. Definition of VP* 1 . In this section, we define a morphism 

ZS Pn (X) ^ZSG k (X) n 

using the cubes Ci{E) constructed in the previous section. 

Recall that when i\ ^ k — 1, the exact sequence dfCi(E) is canonically isomorphic 
to the simple associated to a 2-iterated cochain complex of (n — l)-cubes, of lengths 
(k — ii — l,ii + 1). We define 

k-l 

ZS Pn (X) ZSG k (X) n = Q}ZSG™> k (X) n „ 1 (BZSG k 1 (X) n 

m=l 

(E,f) » (^ k (E),...,^ k f 1 ' k (E)M(E)) 

with 

*}(£?) = £ 

iG[0,fc-l] n 
n 

^' k (E) = ^(-i r +W £ 9 f form=l,...,fc-l, 

1=1 ie[o,fc-i] n , 

%l=m— 1 

where in the last equality we consider, by proposition 12.341 (iv), dfCi(E) as a 2-iterated 
complex. 
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Remark 2.36. Observe that in the last definition, considering dfCi(E) as a tensor 
product of complexes involves changing the order in the summations. To be precise, recall 
that the terms corresponding to the indices n with n\ = form the first complex in the 
tensor product, and the ones with m = 1 form the second complex. The tensor product 
of the Koszul complexes in each summand of Ci(E) is ordered by the lexicographic order. 
Hence, the two orders would only agree for 1 = 1. For instance, 

> the face <9| of the cube Cqq{E) (see example k = 2,n = 2), is 

[^(E 00 ) ® ^(E 02 ), ^(E 00 ) <g> ^(E 22 ) ^{E 02 ) ® ^(E 20 )}, 

> this complex, viewed as a tensor product of complexes, is 

E 00 g £02 _^ £00 g £02 E 00 g, £22 £20 g £02 _^ £00 g £22 £20 g £02 



£00 g, £02 _^ £00 g £02 £00 g £22 ffi £20 g £02 _^ £00 g £22 & £20 g £02 

Notice the difference in the order of ^(E 20 ) <g> ^(E 02 ). 

Hence, strictly speaking, ty k cannot be a chain morphism. However, for every split 
n-cube, the composition of \P with tp leads to a collection of n-cubes (see the definition 
of <p in ()2.1ip ). The locally free sheaves of these cubes are direct sums, tensor products, 
exterior products and symmetric products of the locally free sheaves E 3 . 

We can map, with the corresponding canonical isomorphism, every n-cube of ipo^ k {E) 
to the n-cube whose summands are all ordered by the lexicographic order. Then, p o ^ k 
is a chain morphism. 

This trick can only be performed after the composition with <p, and cannot be corrected 
in the definition of VP . 

Proposition 2.37. Let E be a split n-cube. Then, there is a canonical isomorphism 

d s * k (E) ^ can ^> k {dE). 

Proof. We have to see that 

(2.38) V™' k (dE) = -d^™' k (E), for m = l,...,k- 1, 



fe-l 



(2.39) 



$ k (dE) = ^(-l) m $ m (V™' k (E))+d^ k (E). 



m=l 



We start by proving (|2,39[) , By definition, 



d*\{E)= y dd(E)= y EEc- 1 )^^)- 

ie[0,fc-l] n ie[o,fc-i] n 1=1 s=0 

Then, by proposition 12.341 



d**(E) = can £(-!)' 



i=i 



Y C m fflE)- Y C Mi)( d l E ) 

Li£[0,fc-l]",»j=0 



ie[o,fc-i] r 

ii=k — 1 



k-2 



Y C dl{i) (d?E)+Y Y ^(dfdiE)) 
ie[o,k-i] n m=Oie[o,k-i] n 



2(i 
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Therefore, 



n 2 

1=1 s=o ieloM-i]™- 1 

n k—2 

+ E(" 1 )'E E V n+ \diCi{E)) 

1 = 1 m=0ie[0,/c-l]", 



%l — m 

fc-1 



tff(d£) - ^(-l) m $ m (#;P' fc (£;)), 



m— 1 



and equality (|2.39|) is proven. Let us prove now (|2.38|) . First of all observe that due to 

f in the definition of ^™ 



the alternating sum of df in the definition of ^^' k , we have 



n-l 



£(-l) r W^iS) = 0. 

r=l 

By the same argument, considering the first equality of (Hi) in proposition 12.341 we have 

n 

Y,{-iy*t\%e) = o. 



r=l 



Therefore, we are left to see that 



n-l 



r=l r=l 

Recall that for all j, did} = J ?(^+/' lf r - 

' \ if r < I. 

Hence, we split the following expression accordingly: 

n-l 

Y,(-l) r d° r *T k (E) = (A) + (B), 



r=l 



with: 



n l-l 



w = EE(- 1 ) m+ ' +r+1 E 

1=2 r=l ie[0,k-l] n 
il=m—l 

n— 1 n— 1 

(*) = EE(- 1 ) m+ ' +r+1 E $%cm- 

1=1 r=l i6[0,fc-l] n 
il=m— 1 



A CHAIN MORPHISM FOR ADAMS OPERATIONS ON RATIONAL ALGEBRAIC K-THEORY 27 

Using the mentioned equalities for the faces and the identities (i) — {Hi) of proposition 
12.341 we have: 

n l-l 

w = EE(- 1 ) m+i+r+1 E 

1=2 r=l ie[0,fc-l] n 
ii=m— 1 

n i-1 

= EE(- 1 ) m+ ' +r+1 E E %-ic m {$E) 

1=2 r=l ie[0,fc-l] n ie[0,fc-l] n 

ij=m— 1 ii=m—l 

i r ^0 i r =0 

n l-l 

= EE(- 1 ) m+i+r+1 E QtiCiW- x; + 

«=2 r=l ie[o,fe-i] n ie[o,fc-i] n 

i;=m— 1 i;=m— 1 

i r =k— 1 

n-1 i 

EE(- 1 ) m+i+r E 

f=l r=l ielO.fc-l]™- 1 
il=m— 1 

n J-l 

= EE(- 1 ) m+ ' +r+1 E %%c i {is) + 

1=2 r=l ie[0,k-l] n 
il=m—l 

n-1 I 

EE(-iy m+ ' +r ^ %Ci{$E) - qCiiftE) 

1=1 r=l ielO.fc-l]"- 1 
il=m— 1 

Reasoning analogously, we obtain 

n— 1 n— 1 



= EE(-!) m+ ' +r+1 E #*6<(*o + 



Z=l r=( ie[0,fc-l] n 
j;=m— 1 

^ ^ £ fl?3,(flPi5) - afQ^S) 

Z=l r=l+l i 6 [ 0) fc-l]"-l 
il=m— 1 

It follows that 

n—l n— 1 ?i 

r=l r=l r=l 

71—1 77 

r=l r=l 

as desired. □ 



For every n, let 
be the composition 



* k :ZSp n (X) ^ZC n (X) 
^ fe : ZS Pn (X) ^ ZSG fc (X) n ^> ZC*(J0, 
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modified by the canonical isomorphisms, so that every direct sum of tensor, exterior and 
symmetric products is ordered by the lexicographic order of the corresponding multi- 
indices. 

Corollary 2.40. For every scheme X , there is a well-defined chain morphism 

* fc :ZSp*(X) -ZC„(X). 

□ 

Example 2.41 (k = 2, n = 1). Let us have a look at the situation with k = 2 and n = 1, 
as considered in the example cases (see section |2~3|) . Let (E,f) : E° — > E 1 — > E 2 be a 
split cube (with splitting /). In the complex 'LSG k {X) if , the image of (E,f) by ^ 2 is 

^\E°) ® ^(E 2 ), C (E, /) + C X {E, /)) G ZGl' 2 (X) ZG?(X)i. 

Applying 93 to this element, we get the following linear combination of short exact se- 
quences 

-3{E° E 2 -» £° ® £ 2 ) + (E° ® E 2 -> E° ® E 2 ® E° ® E 2 -> E° ® E 2 ) — 
-2(A 2 E° -» A 2 £° £° £ 2 -> £° £ 2 ) - 2(A 2 £° © £° £ 2 -» A 2 ^ 1 -> A 2 £ 2 ) + 

+(£° ® £° ^ £° ® e° e £° ® £ 2 e £° ® ^ ® £ 2 ® £° ® j e 2 )+ 

+(£° ^^ffiE^^eE^^^E^BUE 2 ® E 2 ). 

By the action of fi, a short exact sequence A — > — > C transforms into 

-(0 -> ,4 -» ker 5) + (ker g -> 5 -> C). 

Therefore, the explicit expression of ^ 2 (E,f) is obtained by transforming by /i each of 
the short exact sequences of the linear combination detailed above. 

One easily checks that the differential of fy 2 (E, /) is -2(- A 2 E° + A 2 ^ 1 - A 2 £ 2 ) + 
(-E ® E° + E 1 ® E 1 - E 2 ® E 2 ) which is exactly -^ 2 (E°) + ^ 2 (E 1 ) - ^ 2 (E 2 ) as desired. 

3. The transgression morphism 

Fix Cb to be a category of schemes over a base scheme B. In this section, we introduce 
all the ingredients for the definition of Adams operations on the rational algebraic K- 
theory of a regular noetherian scheme. 

Let X be a scheme. We first define a chain complex ZCP(A) that is the target for the 
Adams operations. Then, we prove that it is quasi-isomorphic to the chain complex of 
cubes with rational coefficients. Hence, its rational homology groups are isomorphic to 
the rational ET-groups. Finally, we define a morphism, the transgression morphism, from 
ZC*(A) to a new chain complex ZSp^(X), whose image consists only of split cubes. 
Then, for each k, the morphism ^ k defined in the previous section induces a morphism 

* k :ZSp°(X)->ZC?(JQ. 

Composing with the transgression morphism we obtain a chain complex (denoted, by 
abuse of notation, by ^ k ): 

^ k : NC*(X) ZC*(X) ZSp°(A) -» ZC°(X). 
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3.1. The transgression chain complex. Let P = F B be the projective line over the 
base scheme B and let 

□ = P 1 \ {1} ^ A 1 . 

The cartesian product (P 1 )' has a cocubical scheme structure. Specifically, the face and 
degeneracy maps 

4 : (F 1 )" - (P 1 )^ 1 , i = l,...,n, j = 0,l, 
^:(p!)" _> (P 1 )"- 1 , i=l,...,n, 

are defined as 

'^(■'•'l' ' ' ' ' ^n) = • • • i lj (0 • 1)) -^i; ■ ■ ■ j %n)i 

5\(xi, . . . , x n ) = (xi, . . . , Xi—i, (1 : 0), Xi, . . . , x n ), 

<J (x\, . . . , Xji) — (X\, . . . , , , . . . , Xn) . 

These maps satisfy the usual identities for a cocubical object in a category, and leave 
invariant □. Hence, both (P 1 )' and □' are cocubical schemes. 

Let X x (P 1 )" and X x denote Ixg (P 1 )™ and X x q respectively. Since most 
of the constructions will be analogous for P 1 and for □, we write 

B = P 1 or □. 

For i = 1, . . . , n and j = 0, 1, consider the chain morphisms induced on the complex 
of cubes 

8{ = (Id x 5})* : ZC*(X x B n ) -» ZC*(X x B n_1 ), 

a i = (Idxa i )* : ZC*(X x B n_1 ) —* ZC*(X x B"). 

These maps endow ZC*(X x B') with a cubical chain complex structure. Observe that 
if (xi : yi), . . . , (x n : y n ) are homogeneous coordinates of (P 1 )™, then 5® corresponds to 
the restriction map to the hyperplane x% = and Sj corresponds to the restriction map 
to the hyperplane yi = 0. On the affine lines, with coordinates (t%, . . . , t n ) where ti = 
the map 8® corresponds to the restriction map to the hyperplane t{ = and the map 5j 
to the restriction map to the hyperplane ti = oo. 

Let 7jCf^,(X) be the 2-iterated chain complex given by 

ZCf^(X) :=ZC r (X xB n ), 

and differentials 

Denote by (ZCf (X),d s ) the associated simple complex. 

Observe that, by functoriality, the face and degeneracy maps and s\, as defined in 
sections 11.31 and 11.41 commute with b\ and <7j. Therefore, there are analogous 2-iterated 
chain complexes 

ZC* n (X) := ZC r {X x M n )/ZD r (X x B"), 

NC® n (X) := NC r {XxM n ). 

Recall from section [T31 that NC*(X x B n ) is the normalized complex of cubes in X x B n 
and from section [L4l that 7LD*(X x B n ) is the complex of degenerate cubes in X x B n . 
That is, we consider the normalized complex of cubes and the quotient by degenerate 
cubes to the first direction of the 2-iterated complex ZC* n (X). 
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In addition, the second direction of these 2-iterated complexes corresponds to the chain 
complex associated to a cubical abelian group. Therefore, one has to factor out by the 
degenerate elements. 

Let ZC*(X x D n ) deg C ZC*(X x □") be the subcomplex consisting of the degenerate 
elements, i.e. that lie in the image of <7j for some i = 1, . . . ,n. Analogously, we define 
the complexes 

NC° n (X) dcg = NC° n (X)nZC r (X x u n ) deg , 

and 

zc° n (x) dcg = zc r (x x n n ) deg /ZD r {x x n n ) deg 

of degenerate elements in NC^ n (X) and ZC^? n {X) respectively. 
We define the 2-iterated chain complexes, 

ZC° n (X) := ZC° n (X)/ZC° n (X) deg , 

Ncg(X) := NC° n (X)/NC° n (X) deg . 

Denote by (ZC*(X),d s ) and (NC^r(X), d s ) the simple complexes associated to these 
2-iterated chain complexes. 

Proposition 3.1. If X is a regular noetherian scheme, the natural morphism of com- 
plexes 

NC*{X) = NC%{X) -> NC°(X) 
induces an isomorphism in homology groups with coefficients in Q. 

Proof. Consider the first quadrant spectral sequence with E° term given by 

E^ n = NC° n (X)®®. 

When it converges, it converges to the homology groups H*(NC*(X), Q). If we see 

that for all n > the rational homology of the complex NC^ n (X) is zero, the spectral 
sequence converges and the proposition is proven. 

This is proved by an induction argument. For every j = 1, . . . , n, let 

NC^{X) deg = Y,°i( NC °n-i( X )) C NC° n (X) deg 
i=i 

and let NC^(X) be the respective quotient. We will show that, for all n > and 
j = 1, . . . ,n, 

H4NC°j(X),Q) = 0. 

For j = 1 and n > 0, 

NC^(X) = NC^W/a^NC^X)). 
By the homotopy invariance of algebraic i^-theory of regular noetherian schemes, the 

rational homology of this complex is zero. Then, if j > 1 and n > 1, NC^(X) is the 
cokernel of the monomorphism 

NC^ZliX) NC°rHX) 
E h-> <Jj{E). 

Since by the induction hypothesis both sides have zero rational homology, so does the 
cokernel. □ 
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Observe that in the proof of last proposition, the key point was that for regular 
noetherian schemes, the i^-groups of X x are isomorphic to the X-groups of X. 
In the case of projective lines, the situation is slightly trickier, because the K-groups 
of X x P 1 are not isomorphic to the -fT-groups of X. We have to use the Dold-Thom 
isomorphism relating both groups. This implies that we shall also factor out by the class 
of the canonical bundle on (P 1 )™. 

Let p±,...,p n be the projections onto the i-th coordinate of (P 1 )™. Consider the 
invertible sheaf 0(1) := C P i(l), the dual of the tautological sheaf of P 1 , O v i(— 1). We 
define then the 2-iterated chain complexes 

n 

NCl n (X) deg := Y.< NC ln-i{X))+P*0{l)®<Ji(NCl n ^(X)), 

NCl n {X) := NCl n {X)/NCl n {X) deg . 

Denote by (NC^(X), d s ) the simple complex associated to this 2-iterated chain complex. 

Proposition 3.2. If X is a regular noetherian scheme, the natural morphism of com- 
plexes 

NC*(X) = NC%(X) - NCl(X) 
induces an isomorphism on homology with coefficients in Q. 

Proof. The proof is analogous to the proof of the last proposition. By considering the 
spectral sequence associated with the homology of a 2-iterated complex, we just have to 
see that for all j, 

H.(NC*j(X),Q) = 0. 
For j = 1 and n > 0, it follows from the Dold-Thom isomorphism on algebraic X-theory 

of regular noetherian schemes. For j > 1 and n > 1, NC^i(X) is the cokernel of the 
monomorphism 

NC%Z\{X)®NC%-_\(X) -> NCl;t\X) 

{E ,E 1 ) ^ a j (E o )+p*O(l)0a j (E 1 ). 

Since by the induction hypothesis both sides have zero rational homology, so does the 
cokernel. □ 

Remark 3.3. Let 

zcl n (x) deg = ^ t (zC 1 W)+p*0(i)® ff! (zc r V 1 (x)) ) 

i=l 

ZC r p n pO dcg = ZC^ n (X) deg /ZD r (X x (F 1 )' 1 )^, 

and let 

ZC r f n (X) := ZCV n (X)/ZCV n (X) deg . 

Denote by (ZCf (X), d s ) the simple complex associated to this 2-iterated chain complex. 
It follows from the definitions that there is an isomorphism 

ZC*(X) = NC*(X). 
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3.2. The transgression of cubes by afRne and projective lines. Let x and y be 

the global sections of 0(1) given by the projective coordinates (x : y) on P . Let X be 
a scheme and let po and p\ be the projections from X x P 1 to X and P 1 respectively. 
Then, for every locally free sheaf E on X, we denote 

E(k) := P lE®p\0{k). 

The following definition is taken from [2]. 

Definition 3.4. Let 

£ : -> £° A .E 1 A £ 2 -> 

be a short exact sequence. The first transgression by projective lines of E, tri(.E'), is the 
kernel of the morphism 

E 1 (l)@E 2 {l) -» £ 2 (2) 

(a, 6) i — > / 1 (a) <X> x — b <8> ?/. 
Observe that this locally free sheaf on I x P 1 satisfies that 

<5?tn(£) = tri(E)| aM) = E 1 J 

Slix!(E) = tr 1 (E)\ y=0 = imf°(BE 2 . 
By restriction to □, we obtain the transgression by affine lines. 

From now on, we restrict ourselves to the affine case. However, all the results can be 
written in terms of the complexes with projective lines. 

Let E be an n-cube. We define the first transgression of E as the (n — l)-cube on 
X x D 1 given by 

tn(EY := tnidl ^E), for all j E {0, l,2} n ~\ 

i.e. we take the transgression of the exact sequences in the first direction. Since tri is a 
functorial exact construction, the m-th transgression sheaf can be defined recursively as 

tr m {E) = tritr m _ x (£) = tr a .™. tn(E). 

It is an (n — m)-cube on X x D m . In particular, tr n (E) is a locally free sheaf on X x D n . 

Observe that the transgression is 
then there is an induced morphism 



Observe that the transgression is functorial, i.e., if E — > F is a morphism of n-cubes, 



tlm{E )^htv m (F), 

for every m = 1, . . . ,n. In particular, for every n-cube E and i = 1, . . . , n, the morphism 
of (n — l)-cubes 



induces a morphism 



d°E ^ d}E, 



tTm ( d ° E )^ltr m (d}E), 



for m = 1, . . . , n — 1. 

Lemma 3.5. For every n-cube E and i = 1, . . . ,n, the following identities hold: 

(3.6) 6ftr n (E) = tr n ^(d}E), 

(3.7) djtT n (E) * imtr^C/Pjetr^C^S), 

where the isomorphism is canonical, i.e. a combination of commutativity and associa- 
tivity isomorphisms for direct sums, distributivity isomorphism for the tensor product of 



A CHAIN MORPHISM FOR ADAMS OPERATIONS ON RATIONAL ALGEBRAIC K-THEORY 33 



a direct sum and commutativity isomorphisms of the pull-back of a direct sum with the 
direct sum of the pull-back. 

Proof. The proof is straightforward. For n = 1 it follows from the definition. Therefore, 

$ix n (E) = a?tn.?.tri(£) 

= tr n _i dj tr<_i(£) = ti n ^(d}E). 

For the second statement, observe first of all that there is a canonical isomorphism 
ti n (A(B B) = tr n (A) ©tr„(B). It follows by recurrence from the case n = 1. So, let E, F 
be two short exact sequences. Then, tri(i£ © F) is the kernel of the map 

(Ei © Fi)(l) © (£ 2 © F 2 )(l) (£ 2 © F 2 )(2), 

while tri(F) © tri(F) is the direct sum of the kernels of the maps 

E 1 (1)®E 2 (1) ^ E 2 (2), Fi(l)©F 2 (l) ->F 2 (2). 

Hence, there is clearly a canonical isomorphism. Therefore 

#tr n (£) = #tri«.tri(£) 

= trn-iCimtri-xf/^ffitri-!^^)) 

^ imtr^iC/^ffitr^i^F). 

□ 

Remark 3.8. Since the isomorphisms in (|3.7p are canonical, if E — > F is a morphism 
of n-cubes, for every i we obtain a commutative diagram 

« tVn(E) ^ * 8} tr n (F) 

imtr n _!(/0) © tx n -l(3?E) imtr n _ x (/P) © tr n _ x (^F). 

Observe that for every n-cube E, the (n — m)-cube tr m (E) is obtained applying tri 
on the directions l,...,m. In the next definition, we generalize this construction by 
specifying the directions in which we apply the first transgression. 

Definition 3.9. Let % = . . . , i n - m ), with 1 < i\ < ■ • • < i n - m < n. We define, 
trl{E) G C°_ m>m (X), by 

tC(F) J ' = tr m (d{E), for all j G {0, 1, 2} n ' m . 

In other words, we consider the first transgression iteratively in the directions not in 
the multi-index i, from the highest to the lowest index. 

By convention, the transgressions without super-index correspond to the multi-index 
i = (m + 1, . . . , n). The following lemma is a direct consequence of lemma 1331 

Lemma 3.10. Let % = (ix, . . . ,i n _ m ) with 1 < i\ < ■ ■ ■ < i n - m < n. Then, for every 
fixed r = 1, . . . , m, let i' = i — 1™+™ and let (v±, . . . , v m ) be the ordered multi-index with 
the entries in {1, . . . ,n} \ . . . , i n - m }. Then, 

S r °tC(£) = tri^dlE), 

^tr^(E) ^ imtr^C/Oj © tr^.^F) (canonically). 

□ 
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3.3. Cubes with canonical kernels. We introduce here a new subcomplex of ZC*(X), 
consisting of the cubes with canonical kernels. In this new class of cubes, the transgres- 
sions behave almost like a chain morphism. Namely, if E is an n-cube with canonical 
kernels, we will have 

<5?tr n (£7) = tr n _! 
(3.11) 5}tr n {E) = tr n _i(a°E7)©tr n _i(a?£;). 

Definition 3.12. Let .E be an n-cube. We say that E has canonical kernels if for every 
i = l,...,n and j G {0, l,2} n_1 , there is an inclusion (dfEy C {d}Ey of sets and 
moreover the morphism 

/P : d°E - c^E 

is the canonical inclusion of cubes. 

Let KC n (X) C C n (X) be the subset of all cubes with canonical kernels. The differ- 
ential of ZC*(X) induces a differential on ZKC*(X) making the inclusion arrow a chain 
morphism. 

f° f 1 

Let E be a 1-cube i.e. a short exact sequence 

£0 £l J_> E 2_ Then 

we define 

\\(E) : 0^0^£°Aim/ ^0, 

Aj(E) : O^ker/^E 1 A E 2 ^ 0. 

Both of them are 1-cubes with canonical kernels. Then, we define 

Ai(.E) = X\(E) - A?(E) G ZKCi(X). 

For an arbitrary n-cube E G C n (X) and for every i = 1, . . . , n, let A°(E) and Xj(E) 
be the n-cubes which along the i-th direction are: 

d°A°(E) = dfX}(E) = im/° 

^A°(E) = d?E d}X}(E) = d}E 



d?X°(E) = im/° ^AJ(E) = d 2 E 



Then, we define 



A(E) 

Proposition 3.13. TTie map 



A,(E) = -X i (E) + X}(E), i = l,. 

A n ---Ai(E), ifn>0, 



, n, 



E if n = 0. 



A : ZC n (X) -» ZETC n (X) 

is a morphism of complexes. 

Proof. First of all, observe that the image by A of any n-cube E, is a sum of n-cubes 
with canonical kernels. It is a consequence of the fact that for any commutative square 
of epimorphisms, 

/ 
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the set equality ker(ker g — > kerh) = ker(ker/ — > kerj) holds. The equality dX{E) = 
Xd(E) follows from the equalities 

d\X{E) = di(X n ---X}---X l (E))-di(X n ---X° i ---X 1 (E)), 
X 1 (E)) = df(X n ---X° i ---X 1 (E)), 
Xt(E)) = X n . 1 ---X 1 (d{E), j = 1,2, 
Xi(E)) = Xn-x-'-Xxi^E). 

□ 

3.4. The transgression morphism. Observe that the face maps 5j of □' (as defined 
in section 13,1ft induce morphisms on the complex of split cubes 

d{ :ZSp r (X x LT) -» ZSp r (X x LT^ 1 ). 

Let ZSpS^X) be the 2-iterated chain complex given by 

ZSp° n (X) =ZSp r .(X x LT), 

and differentials 

^ = ^Sp»(XxL>)) 

5 = £(-i)**^- 

Let (Z Sp^(X), d s ) be the associated simple complex. Using the transgressions, we define 
here a morphism of complexes 

ZKC^X) -^ZSp°(X) 
which composed with A gives the transgression morphism 

ZC*(X) ^ZSp°(X). 

For every n-cube E with canonical kernels, the component of T{E) in *ZSp^ n (X) is 
exactly (— l) n tr ra (.E). However, the assignment 

£7->(-l) n tr n (£) 

is not a chain morphism. The failure comes from equality (13. IIP , since, first of all, the 
equality holds only up to some canonical isomorphisms, and second, a direct sum is not 
a sum in the complex of cubes. We will add some "correction cubes" in Z Sp^_ m m (X), 
with m / n, in order to obtain a chain morphism T. 

We start by constructing the morphism step by step in the low degree cases, deducing 
from the examples the key ideas. 

The transgression morphism for n = 1,2. Let E be a 1-cube with canonical 
kernels. Then, 

5 tri (E) = -5? tri (E) + S\ tri (E) = -E 1 + S\ tri (E) . 
We know that there is a canonical isomorphism (which in this case is the identity): 

5\ trx(E) ^E°(S)E 2 . 

Hence, the differential of 

T(E) := (-tn(E),E -> jJtnCS) -» £ 2 ) G ZCgi(X) ZCgjpQ 
is exactly E 1 — E° — E 2 £ ZC (X). 



®i (^n ■ ■ ■ Aj • • • 

^(A„---A;--- 
^(A n ..-A°... 
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Let E be a 2-cube with canonical kernels. Then, 

8tr 2 (E) = -5 1 tr 2 (E) + 5 1 1 ti2(E)+5^tr 2 (E)-5lti 2 (E) 
= -tn(dlE) + 5ltr 2 (E) +tn(dlE) - 5ltr 2 (E). 

Let 

T{(E) = tn(a?£) -» ^tra(E) - tri (SfE), 

where the arrows are defined by the canonical isomorphism 5\tv 2 (E) = tTi(d^E) © 
ti^dfE). Let 

£00 5} tri(£T°) >■ £2° 



T 2 (E) = 8\ tn(£ *) 8\8\ tr 2 (E) 5\ tn(£ 2 *) 

E m >- 8\ tri(£* 2 ) >■ £ 22 , 

with the arrows induced by the canonical isomorphisms of lemma 1331 Then, for n = 2, 
we define 

T(£) := (tr 2 (£), £ (-1)^^), T 2 (£)) G ZC D 2 (X) © ZC&pQ © ZC 2 D (X). 

i=l,2 

By lemma I3.1U| since -E is a cube with canonical kernels, these cubes are all split. We 
fix the splittings to be the canonical isomorphisms of lemma [XTUJ Then, in ZCP t(X) © 
ZC°(X), 

d s T(E) = (5tr 2 (E)+Y,(-lYdTl(E),-Y,(-iyST{(E)+dT 2 (E)) 

i=l,2 i=l,2 

= E E (-i) t+ ^(^E). 

i=l,2 j'=0,l 

The transgression morphism. Recall that if j G {0,1, 2} m , we defined in section 

s(j) = #{r| j r = 1}, 

and the multi-index u(j) = (ux, ... ,u a (j\) with U{ the indices such that j Ui = 1 and 
ordered by U\ < ■ ■ ■ < u s u\. Consider the set of multi-indices 

J™ := {i = . . ,i n - m )\ 1 < h < • • • < i n -m < raj- 
Then, for every i G J™ and j G {0, 1, 2} n_m , we define 

i(j) = (v,^ 2 - 1, ■■■,iu l ~ l + l, •• -,iu aW ~ s(j) + 1). 

Definition 3.14. Let E be an n-cube with canonical kernels. For every < m < n and 
i € J™, we define T^_ mm (E) G ZC^L m TO (X) as the (n — m)-cube on X x D m given by: 

► If J G {0, 2} n - m then 

TLm, m ( E ) j ■= tr m W = tr m (4E). 

► If jf G {0, 1, 2} n_m with jfc = 1 for some A;, then we define 

T i ( E \j ._ (fl + 9 u(j)(i) ( E) \d u(j) (j) 
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That is, we start by considering the first transgression of E, iteratively, in the directions 
s not in the multi-index i and in those i s with j s = 1. This gives a (n — m — s(j))-cube 
on X x n m + s (j). Then, we apply 5l for each affine component coming from a direction 
with j s = 1. We obtain a (n — m)-cube on X x D" 1 . 

Observe that in the above definition, the second case generalizes the first case. 

Lemma 3.15. For every n-cube E with canonical kernels and every i € J™, the cube 

T n-m,m( E ) is s P lit 



Proof. If j G {0, l,2} n_m , it follows by lemma E3] that, 

i t _ a «(j)(*) 

ll m+s(j) 



m,G{0,2} s (j) 

□ 

Observe that for any morphism of n-cubes E ^> F, there is a commutative square 



t4(£) CT ^) (i) ^ t4(F) CT ^) (i) . 

Tne{0,2} s (j) Tne{0,2} s (j) 

Finally, we consider 

(3.16) T n _ m , m (£):= Yl (-l) l<l+,T(n " m)+m ^-rr l ,m(^)eZSp°_ mjTn (X), 

where (r(jfe) = 1 + • • • + fc = 
Proposition 3.17. The map 

n 

1KC n (X) 0ZSp°_ m , m (X) 

m=0 

F I > Tn—rnm^E^ 

is a chain morphism. 

Proof. We have to see that T commutes with the differentials. Remember that the 
differential d s in the simple complex is defined, in the (n — m, m)-component, by d + 
(— l) n ~ m 5. Therefore, we have to see that for every m = 0, . . . ,n — 1, the equality 

(3.18) dT n — mm + ( 1) 0~Tn—m—l,m+l — Pn—m—l,md 

holds. The right hand side is 

n 2 

T i d — S^S^(-l) r+j T i d j 

- L n—m—l,m U/ — / y / J \ L j J -n—m—l,m u r 

r=l j=0 
n 2 

= EE(- 1 ) r+J E (-if l+a(n - m - 1)+m TL m -i, m di- 

r =i j=o ie,/™!™ -1 
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We compute the terms d and 5 on the left hand side separately. 

n—m 

dT n _ m , m = E E (-lf l+a{n - m)+r+m (d° r -dl + d 2 r )Tt m , m - 

By definition, d l r T^_ mm = tJ^Z^ d\ r if I = 0, 2. 
Since (-l)<n-m)+n-m = (_ 1 )«T(n-m-l) > we obtain 

ra 

dTn—m^n = ^ ^ (~-0 [-^ri— wi— \,m^i r "i" ^n— m— l,m^j r ] 
r=l 

n 

E\ Y_1 \|i|+r+<r(n-m)+m qItts 
/ j \ I r n—m,m' 

For the summand corresponding to the differential (5, one has that 

(-l) m ,5T n _ m _ 1)m+1 = (1) + (2), 

with 

m 

a) = E E (- l ) |i|+<T{n " m " 1)+r fc m _ 1 , m+1 , 

m 

( 2 ) = E E (- 1 ) |i|+<T(n_m " 1)+r ^ r n- m -l, m+ l- 



For every ji € {0, 1, 2} n m ! , we obtain by definition 
Using the commutation rules of the faces <5* and d*, we obtain that 



m+s(j)J 



■ n—m— 1 



u r - 1 n—m,m n—m—l,m ^r+Z' 



where / is the maximal between the indices fc, such that r + — 1 > it- Therefore, 

m n-m-l . _ m _j 

(i) = E E E (-i) |i|+CT(n - m - 1)+r+1 C^\, m ^ 

r=l z=o ieJ^™- 1 

l=max{k\r+k— l>ik} 

n n—m—1 , 

EV" /_ 1 N|i|+ ( T(n-m-l)+l+s-/ T i - :L ;+i" ~»1 

/ j / j V -v I n-m-l,m 

s=l Z=0 



=max{fc|s— l+k— l>ik} 



n 



E\ /-_^\|i|+cr(n— m— l)+n— m+srpi q1 

n 

= (-i) n+1 E(- 1 ) 8+lT «— i.- 9 - 1 - 

s=l 
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All that remains is to see that 

n 

(2) = (-1) — 1 Y, Y,(-^ il+r+a{n ~ m)d r T n~m, m =■ (*)■ 

ie J,T m r=1 

Recall that 

O 1 ^ ) j = (T l W<*> = (S 1 ,, ^ tr d ^ 9r{i) V uU)U) 

\^r^n—m,inJ X^n—m.m) I w i(s}.j) m+s(j')+l 

An easy calculation shows that 8h s ij\ = ^l(j)^i r -r+i- Therefore, 



Pp-ryii __ ^1 rpd r i 

u r n—m,m u i r —r+l n—m,m 



and hence, 



E 5Z(-l) |i|+r+a(n ~ m) ^r^_ 



d r i 



E E(- 1 ) |i|+r+ff(n_m) ^-+i T « s 

- jn — m >p — \ 

n 

E E(- 1 ) w+r+1+CT(n_m)5 ^n 9 4, 



ra — m— 1 7*=! 



= E E(- 1 ) (fl ~ m-1)+|i|+r+a(n_m " 1) ^ r n-tn,m = (2), 

and the proposition is proved. □ 

4. Adams operations on rational algebraic K-theory 

To sum up, we have defined the following chain morphisms: 

► In section [3l we defined a morphism 

ZC*(X) -^ZSp°(A). 

That is, a collection of split cubes on X x □* is assigned to every ra-cube. 

► In section [21 for every k > 1 , we defined a chain morphism 

^ k : ZSp*(A) -^ZC*(A). 

Since the maps ty k and T are functorial, they are natural on schemes X in Cb- There- 
fore, there is an induced map of 2-iterated chain complexes 

* fc : ZSp°,(X) - ZC° (X) -> ZC° (A), 
which induces a morphism on the associated simple complexes 

* fc : ZSp°(A) - ZC°(A) - ZCp(A). 
The composition with the morphism T gives a morphism 

^ k : ZC*(A) -» ZC°(A) -» ZC°(A) 9* AC°(A). 
Finally, considering the normalized complex of cubes of lemma W.12\ we define 

^ k : NC*{X) ^ ZC*(A) ATCp(A). 
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Corollary 4.1. For every k > 1, there is a well-defined chain morphism 

^ k : NC*{X) -> NC°{X). 
If X is a regular noetherian scheme, then for every n, there are induced morphisms 

<£ k : K n (X)®Q^ K n (X)®Q. 
Proof. It is a consequence of lemmas 11.151 and 13.21 □ 

Theorem 4.2. Let X be a regular noetherian scheme of finite Krull dimension. For 
every k > 1 and n > 0, the morphisms 

V k : K n (X)®Q^ K n (X)®Q 

of corollary \4-l\ agree with the Adams operations defined by Gillet and Soule in [6] . 

Proof. We have constructed a functorial morphism, at the level of chain complexes, which 
by definition can be extended to simplicial schemes. Moreover, they induce the usual 
Adams operations on the -Ko-groups, i- e - the Adams operations derived from the lambda 
structure coming from the exterior product of locally free sheaves. Then, the statement 
follows from corollary 4.4 in [3]. □ 

Corollary 4.3. The Adams operations defined here satisfy the usual identities for any 
finite dimensional regular noetherian scheme. 
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